This paper addresses the usage of a simplified homogenization technique for the analysis of masonry subjected to out-of-plane loading. The anisotropic failure surface, based on the definition of a polynomial representation of the stress tensor components in a finite number of sub-domains, is combined with finite element triangular elements employed for the upper and lower bound limit analyses. Several comparisons between the proposed model and experimental data available in the literature are presented, for wallettes subjected to bending at different orientations and for different panels loaded out-of-plane. The limit analysis results allow to identify the distribution of internal forces at critical sections and to obtain the collapse modes, as well as the failure loads. Excellent results are found in all cases, indicating that the proposed simple tool is adequate for the safety assessment of out-of-plane loaded masonry panels. The combined usage of upper and lower bound approaches, and their respective simplifications, allow to define a narrow interval for the real collapse load.
Introduction
The prediction of the ultimate load bearing capacity of masonry walls out-of-plane loaded is of great relevance for the design of masonry structures. Out-of-plane failures are mostly related to seismic and wind loads and the lack of out-of-plane strength is a primary cause of failure in different forms of masonry, particularly in the case of historical buildings (Spence and Coburn 1992) . Masonry structures are often subjected simultaneously to in-plane compressive vertical loads (either self weight and permanent loads) and out-of-plane actions. Such loads increase both the ultimate out-of-plane strength and the ductility of masonry, and bring additional complexity to the structural analysis.
Laboratory tests (e.g. Gazzola et al. 1985 , Southcombe et al. 1995 ) conducted on brick masonry walls subjected to lateral loads, have shown that failure takes place along a well-defined pattern of lines. This has inspired approximate analytical solutions based both on the yield line theory and on the fracture line theory (Sinha 1978) . The yield line approach has been adopted by many codes, namely BS 5628 (British Standard Institution, 2005) and Eurocode 6 (CEN, 2004) , despite the approximations and knowledge that masonry does not behave as a rigid-plastic material. Therefore, the prediction of masonry ultimate strength under out-of-plane loads is still an open issue and a general model is far from being developed. The major difficulties in masonry modeling are due to masonry heterogeneity, as a regular assemblage of bricks and mortar, and due to the quasi-brittle behavior of joints under tension.
Limit analysis combined with homogenization techniques is a powerful structural analysis tool to predict masonry behavior at collapse. This approach requires only a reduced number of material parameters and allows to avoid independent modeling of units and mortar. In addition, it provides limit multipliers of loads, failure mechanisms and, on critical sections, the stress distribution at collapse. A drawback of homogenization techniques is that, formally, the evaluation of average quantities requires the solution (usually by means of FE techniques) of a boundary value problem on the elementary cell, so that different loading conditions require different expensive computational simulations.
In this paper, a simplified and efficient model for homogenized limit analysis of out-of-plane loaded masonry structures is presented. In the model, the elementary cell is subdivided along the thickness in several layers. For each layer, fully equilibrated stress fields are assumed, adopting polynomial expressions for the stress tensor components in a finite number of subdomains, imposing the continuity of the stress vector on the interfaces and defining antiperiodicity conditions on the boundary surface. Furthermore, admissibility constraints are imposed for the constituent materials enforcing the satisfaction of the yield conditions for joints and bricks on a regular grid of points. Even if such stress distribution is not exactly statically admissible in the elementary cell, it has been shown (Milani et al. 2005 ) that a technically suitable approximation of the homogenized yield surface is obtained using the proposed procedure. Finally, the out-of-plane failure surfaces of masonry so recovered are implemented in FE limit analysis codes (both upper and lower bound) for structural analyses at collapse of entire panels..
Modeling approach
Let us consider a masonry wall Ω constituted by a periodic arrangement of bricks and mortar disposed in running bond texture ( Figure 1 ). As it as been shown by Suquet (Suquet 1983 ) and further detailed for in-plane loaded brickwork (Milani et al. 2005 ), homogenization techniques combined with limit analysis can be profitably applied for the evaluation of the homogenized out-of-plane strength domain hom S of masonry. Under the assumptions of perfect plasticity and associated flow rule for the constituent materials, and in the framework of the lower bound limit analysis theorem, hom S can be derived by means of the following (non-linear) optimization problem (see also Figure 1 ):
where:
-N and M are the macroscopic in-plane (membrane forces) and out-of-plane (bending moments) tensors; -σ denotes the microscopic stress tensor; -n is the outward versor of l Y ∂ surface; Figure 1 ; It is stressed that experimental evidences show a typical non-associated behaviour for masonry in the inelastic range. On the other hand, the classical limit analysis theorems lead to simple linear programming problems when associated flow rules for the constituent materials are assumed. Nowadays, such problems can be tackled relatively easily by practitioners making use of both well known simplex-type and interior-point algorithms, which present robust numerical stability and need a very limited computational time for the simulations. Since more sophisticated tools are required when a non-associated flow rule is assumed for the constituent materials and plastic flow is mostly relevant in the cases that masonry is severely constrained to deform in plane, the classical associated formulation for the plastic flow is assumed in this paper for the sake of simplicity.
2.1.
The micro-mechanical model proposed 
representing the unknown stress parameters of sub-domain )
The imposition of equilibrium inside each sub-domain (with zero body forces, as usual in homogenization procedures), the continuity of the stress vector on interfaces and the antiperiodicity of σn permit a strong reduction of the number of independent stress parameters.
The imposition of micro-stress equilibrium ( 2 , 1 0
If p is the degree of the polynomial expansion, ( )
equations can be written.
A further reduction of the total unknowns is obtained imposing the continuity of the (micro)- 
Finally anti-periodicity of σn on V ∂ requires ( ) 
S is the vector of unknown stress parameters of layer L i .
Equations ( 3 ), ( 4 ), ( 5 ), respectively internal equilibrium, equilibrium on interfaces and antiperiodicity, can be written in a compact form as 0 AS = , where S is the vector of the total stress parameters. Moreover, not all the rows of this system are linearly independent and the linear dependence of some equations with respect to others can be handled easily and 
-λ is the ultimate bending moment (load multiplier) with direction ψ and ϑ in the applied before out-of-plane actions and is kept constant until failure.
-Condition ( ) f of equation ( 7 ) should be checked in all points of the domain V . Such check could be avoided imposing the material admissibility only where the stress status is maximum, see Belytschko and Hodge (1970) . This is of course not possible for polynomial degrees larger that 1; hence, the discretisation proposed here consists in enforcing, in every sub-domain, the admissibility condition in a regular grid of "nodal points" with step rxq .
Reliable solutions can be obtained with at least 3 3x grids (see Milani et al. 2005 ).
Obviously, in this way, a rigorous lower bound estimation of the homogenized failure surfaces is lost using interpolations with polynomial degrees larger that one, unless a second order (discontinuous) interpolation is used (see Sloan 1988) . Nevertheless, it has been shown (see Milani et al. 2005 ) that the general procedure proposed can be adopted for obtaining accurate results.
-The non-linearity of the terms However, equation (7) has a very limited number of variables and inequality constraints, meaning that simplex-type algorithms can be profitably used to solve the problem. On the other hand, IPMs are applied next to solve the linear programming problems at a structural level, as given later by equations (9) and (12) .
-In what follows, wall thickness is subdivided into at least thirty layers. Authors experienced that more refined discretizations do not allow technically meaningful improvements in the accuracy of the homogenized failure surface.
Finite element limit analysis of plates
The finite elements utilized for the lower and upper bound limit analyses are briefly recalled next.
• Lower bound approach (Figure 5-a) . Continuity of E nn M bending moments is imposed for each internal interface between two adjacent elements R and P (i.e.
Rk nn
Pj nn M M = , see Figure 5 -b), whereas no constraints are imposed for the torsion moment and the shear force.
Due to the assumption of constant moment fields, internal equilibrium for each element is ensured only in integral form. By means of the application element by element of the principle of virtual work, three equilibrium equations for each triangle are obtained:
where
are nodal (unknown) reactions see - 
is the vector of element moment unknowns.
Finally, the following linear programming problem is obtained:
where λ is the limit multiplier, M is the (assembled) vector of moment unknowns (three for each element), • Upper bound approach 
Out-of-plane strength for different orientations ϑ of the loading with respect to the bed joint
In this section, the ability of the homogenization procedure proposed to reproduce the strength of different masonry walls subjected to out-of-plane loads is tested for different orientations ϑ of the bending moment with respect to the bed joint direction.
A complete set of experimental strength data for specimens subjected to out-of-plane loading is given by Gazzola et al. (1985) and Gazzola and Drysdale (1986) A comparison between experimental values and results from the numerical model for different orientation of the ϑ angle is given in Figure 7 , which shows the average and standard deviation of the tests for each orientation of loading.
Comparison with experimental data for out-of-plane loaded panels
In this section, the proposed homogenized model is employed in order to reproduce experimental data for entire masonry panels out-of-plane loaded. In the experimental data reported next, only the tension regime is active, which means that no comparison can be made for the out-of-plane compression regime. 
McMaster University experimental tests
The first series of panels analyzed here consists of hollow concrete block masonry. The tests were carried out by Gazzola et al. (1985) and are denoted by W. Five panels were tested (WI, WII, WIII, WP1 and WF), with a height of 2800 mm and a length of 3400, 5000, 5800, 5000
and 5000 mm, respectively. The panels are all simply supported on the four edges, with the For the sake of conciseness, only the analyses conducted on panels WII, WP1 and WF are reported here. Moreover, it is stressed that, according to a previously developed incremental non-linear finite element analysis (Lourenço 2000) , these panels exhibit a relatively ductile behavior and are therefore suitable for the present homogenized limit analysis.
Inelastic properties of mortar and bricks are reported in Table II , as reported by Gazzola et al. (1985) . Figure 8 shows a comparison among the failure loads obtained numerically (both upper and lower bound approaches), the load-displacement diagrams obtained by Lourenço (2000) with an orthotropic elasto-plastic continuum model and experimental failure loads. It is worth noting that no information is available from Gazzola et al.(1985) regarding experimental loaddisplacement diagrams or scatter of the tests.
In Figure 9 , the meshes utilized for the limit analyses and principal moments distributions at collapse from the lower bound analysis are shown. In Figure 10 , failure mechanisms and yield line patters from the upper bound analyses are represented. The comparison shows that reliable predictions can be obtained using the homogenized model proposed.
University of Plymouth experimental tests
The second series of panels analyzed here consists of solid clay brick masonry. The tests were , was built in stretcher bond between two stiff abutments with the vertical edges simply supported (allowance for in-plane displacements was provided) and the top edge free. A completely restrained support was provided at the base because of practical difficulties in providing a simple support.
The panels were loaded by air-bags until failure with increasing out-of-plane uniform pressure p . The air pressure and the displacement d for the middle point of the free edge were monitored during testing. Mechanical properties at failure adopted for the constituent materials are given in Table III , according to Chong et al. (1994) . Bricks dimensions are (Lourenço 1997 ). The comparison shows that technically useful predictions on the collapse loads can be obtained simply and efficiently using the homogenized model at hand. In Figure 12 , the meshes employed for the limit analyses and principal moments distributions at collapse from the lower bound analysis are reported for all the panels studied. Finally, in Figure 13 failure mechanisms and yield line patterns from the upper bound analyses are represented. Also in this case, the agreement with experimental results is worth noting.
Conclusions
An anisotropic homogenized model for masonry plates and shells was proposed. The model is an extension from an in plane model developed by the authors (Milani et al. 2005 ). The model is capable of reproducing different behavior along the material axes, which is typical of masonry behavior in flexure. The numerical calculations were compared with results available in the literature for different tests in masonry panels subjected to out-of-plane loading. Good agreement was found in all cases. The results illustrate the large possibilities of using limit analysis finite elements for the design of masonry structures subjected to out-of-plane loading.
Using a relative low number of material parameters, failure loads, failure modes and distribution of internal forces can be found, using standard and efficient linear programming tools. On the other hand, some typical limitations of the limit analysis approach should be considered, as for instance its inability to predict displacements at collapse and the assumption of an infinite plastic deformation capacity of the material, hypothesis which should be checked case by case, depending both on the geometry and on the distribution of loads applied. Figure 2 : The micro-mechanical model proposed. -a: subdivision in layers along the thickness. -b: subdivision of each layer in sub-domains. -c: imposition of internal equilibrium, equilibrium on interfaces and anti-periodicity. 
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